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Abstract 

We consider nonlinear diffusion of some substance in a container 
(not necessarily bounded) with bounded boundary of class . Sup- 
pose that, initially, the container is empty and, at all times, the sub- 
stance at its boundary is kept at density 1. We show that, if the 
container contains a proper C^-subdomain on whose boundary the 
substance has constant density at each given time, then the boundary 
of the container must be a sphere. We also consider nonlinear diffusion 
m the whole of some substance whose density is initially a char- 
acteristic function of the complement of a domain with bounded 
boundary, and obtain similar results. These results are also extended 
to the heat flow in the sphere and the hyperbolic space H^. 

Resume 

Nous considerons la diffusion non lineaire d'une substance dans un 
recipient (pas necessairement borne) avec frontiere bornee de classe 
C^. Supposons qu'initialement, le recipient soit vide et, a sa frontiere, 
la densite de la substance soit gardee a tout moment egale a 1. Nous 
montrons que, si le recipient contient un sous-domaine propre a 
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la frontiere duquel la substance est gardee a tout moment a densite 
const ante, alors la frontiere du recipient doit etre une sphere. Nous 
considerons aussi la diffusion non lineaire dans tout d'une sub- 
stance dont la densite est initialement une fonction caracteristique du 
complementaire d'un domaine ayant la frontiere borne et C^, et nous 
obtenons des resultats semblables. Ces resultats sont aussi generalises 
au cas du flux de chaleur dans la sphere §^ et I'espace hyperbolique 

Key words. Nonlinear diffusion equation, overdetermined problems, stationary level 
surfaces. 

AMS subject classifications. Primary 35K60; Secondary 35B40, 35B25. 

1 Introduction 
1.1 Background 

In the paper |MS3j . we considered the solution u = u{x,t) of the following 
initial-boundary value problem for the heat equation: 

Ut = Au in fix(0,+oo), (1.1) 
u=l on dQx (0,+oo), (1.2) 
u = on Qx {0}, (1.3) 

where $7 is a bounded domain in M.^ with N > 2, and we obtained the 
following symmetry result. 

Theorem A. ( |MS3j ) Let Q be a bounded domain in M^, N >2, satisfying 
the exterior sphere condition and suppose that D is a domain, with boundary 
dD, satisfying the interior cone condition, and such that D G Q. 
Assume that the solution u of problem fll.ll) -( nr3|) is such that 

u{x,t) = a{t), (x,t) G X (0,+oo), (1.4) 

for some function a : (0, +oo) — > (0, +oo). Then Q must be a ball. 

A surface satisfying (11. 4p is said to be a stationary isothermic surface. 
We recall that fl satisfies the exterior sphere condition if for every y G dQ 
there exists a ball Br{z) such that Br{z) HQ = {y}, where Br{z) denotes an 
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open ball centered aX z E M and with radius r > 0. Also, D satisfies the 
interior cone condition if for every x G dD there exists a finite right spherical 
cone Kx with vertex x such that C D and fl dD = {x}. 

In order to better understand the background of the present paper, we 
outline the proof of Theorem Rl improved by a result in |MS4j . The proof is 
essentially based on three ingredients. 

The first one is a result of Varadhan's jVaj which states that, as t ^ 0"*", 
the function —4tlogu{x,t) converges uniformly on Q to the function 
where 

d{x) = dist(a:, (9f2), x eQ. 

To apply this result one needs the boundary dQ be also the boundary of 
the exterior M.^ \ Q. The assumption that Q satisfies the exterior sphere 
condition is sufficient for that to happen. Hence, by (11.41) there exists R> 
satisfying 

d{x) = R for every x G dD. (1-5) 

The second ingredient consists of a balance law proved in |MSlj and |MS2j 
(see jMS3] for another proof). It states that, in any domain G in M^, a 
solution V = v{x,t) of the heat equation is zero at some point xq E G for 
every t > if and only if 

J v{x,t) dSx = 0, for every r G [0, dist(xo, SG)) and t > 0. (1.6) 

dBr{xo) 

We use (11.61) in two different ways. In the former one, we choose G = Q 
and V = u^i, i = 1,...,N, and obtain, by some manipulations, that the 
gradient Vu is zero at some point Xq E Q for every t > if and only if 

J (x — xo)u(x,t) dSx = 0, for every r G [0,d(xo)) and t > 0. (1.7) 

dBrixo) 

This condition helps us show that both dD and dfl must be analytic. Indeed, 
with the aid of the interior cone condition for D, by combining (11.71) and (II. 5p 
with the short-time behavior of u described in Varadhan [Vaj , we can see that 
for every point xq E dD there exists a time to > satisfying Vu{xo,to) ^ 0; 
this implies that dD is analytic. Thus, by using the exterior sphere condition 
for n again, we can conclude that d^ is analytic and parallel to dD. 
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In the latter way of using fll.6p . we choose two distinct points P,Q E dQ 
and let p,q E dD be the points such that 



Br{p) ndn = {P} and n dQ = {Q}. 

Thence, we consider the function v = v{x,t) defined by 

v{x, t) = u{x + p,t) — u{x + q, t) for (x, t) G -B/j(0) x (0, +00). 

Since v satisfies the heat equation and f(0,t) = a{t) — a{t) = for every 
t > 0, it follows from ([L6]) that 

N+l f / \ 7 iV+1 f 

t * u[x,t)dx = t 4 / u{x,t) ax for every t > 0. 



Therefore, by taking advantage of the boundary layer for u for short times, 
we let t — ^ 0+ and by using a result in |MS4] . we obtain that 



'Af-l 



' N-l 



c{N) { n 



1.8) 



— 1, denotes the j-th principal curvature of the 



c{N) n 

where Kj{x),j - 

surface dfl at the point x G dQ with respect to the inward unit normal 
vector to dQ, and where C{N) is a positive constant depending only on 
(see jMS4] . Theorem 4.2). 

With (11.81) in hand, we are ready to use our third ingredient: Aleksan- 
drov's sphere theorem jXIl p. 412]. (A special case of this theorem is the 
well-known Soap-Bubble Theorem (see also [RIJ).) Since (11.81) implies that 

N-l 

Yl ~ is constant for x G dfl, by applying Aleksandrov's sphere 

i=i 

theorem, we conclude that dfl must be a sphere (see |MS3] and [MS4j for 
details). 



1.2 Main results 

In the present paper, we extend and improve the results described in sub- 
section 11.11 to the case of certain nonlinear diffusion equations. It is evident 
that the introduction of a nonlinearity immediately rules out the use of our 
second ingredient, e.g. the balance law. 
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Since this was crucial to prove the necessary regularity of dQ, we will 
have to change our assumptions on the domain Q. Thus, we shall assume 
f2 to be a domain (not necessarily bounded) in M^, N > 2, having bounded 
boundary of class C^, that is, dQ consists of m (m > 1) connected compo- 
nents Si, - ■ ■ , Sm C dfl which are the boundaries of bounded C^-domains 
G\--- .G"" in M^, respectively. Thus 

m 

dQ=[j Sj and Sj = dG^ for each j G {1, ■ ■ ■ , m}. (1.9) 
i=i 

It should also be noticed that the lack of a balance law precludes the 
proof of property (11.81) (unless we find an alternative proof) and hence Alek- 
sandrov's sphere theorem cannot be put in action. We shall overcome this 
difficulty by a new and more direct proof of symmetry only based on our 
first ingredient (conveniently modified in Theorem II. ip and Serrin's method 
of moving planes (see [Hi], |Rcj . [51]). It is worth mentioning that our proof 
does not need Serrin's corner lemma but simply uses the strong maximum 
principle and Hopf boundary lemma (see Theorems 11.21 and ll.Sp . 

We now set up our framework. We consider the unique bounded solution 
u = u{x,t) of the nonlinear diffusion equation 

Ut = A(t){u) in l]x(0,+cx)), (1.10) 

subject to conditions (11. 2p and (11.30 . Here : M ^ M is such that 

(p e C^{R), 0(0) = 0, and (1.11) 
< (5i < (j)'{s) < 62 for s G M, (1.12) 

where Si, S2 are positive constants. By the maximum principle we know that 

< M < 1 in fix(0,+oo). 

Let $ = $(s) be the function defined by 

^s) = r ^ for s > 0. (1.13) 

Note that if 0(s) = s, then <l>(s) = logs. 

We extend Varadhan's result to our setting by the following 
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Theorem 1.1. Let u he the solution of problem fll.lOp . fll.2p - fll.3l) . 

Then, 

Urn -At^{u{x,t)) = d{xf 

uniformly on every compact set in VL. 

The proof of this theorem is constructed by adapting weU-known resuhs 
of the theory of viscosity solutions (PL], [K3j, [EI], [IS], [LEYj). The 
techniques developed to prove Theorem II .11 can be used to extend this result 
to the important case in which the homogeneous boundary condition fll.2p is 
replaced by the non-homogeneous one 

u = f on 9r]x(0,+oo), (1.14) 

where / = f{x) is a continuous function on dVL, bounded from above and 
away from zero by positive constants (see Theorem 13 .70 . 

The following symmetry result corresponds to Theorem |X] and Theorem 
3.1 in [M55] . 

Theorem 1.2. Let D be a domain in satisfying D G Q. Assume that 
the solution u of problem f ll.lOp . (11.21) -( |L3l) . satisfies (II. 4p . 
Then m = 1 and dfl must be a sphere. 

When Q is limited to unbounded domains, we have 

Theorem 1.3. Let D be a unbounded domain in satisfying D dVt. 

Assume that, for any connected component T of dD, the solution u of 
problem (ll.lOp . (11.20 - 01.30 . satisfies the following condition: 

u{x,t) = ar{t), (x,t) G r X (0,-hoo), (1.15) 

for some function ar '■ (0, -|-oo) — > (0, -|-oo). 
Then m = 1 and dQ must be a sphere. 

When (f){s) = s and Q is bounded. Theorem |A] is clearly stronger than 
Theorem II. 2[ since in the former we can use the balance law to infer better 
regularity. Furthermore, the same techniques used for the proof of Theorem 
|X]also yield a more general version of it (see Theorem 12.10 . 

The paper is then organized as follows. In Section [21 we prove all our 
symmetry results: Theorems 11.21 11.31 and 12.11 In Section [3], with the help 
of the theory of viscosity solutions, we prove Theorem 11.11 and its extension. 
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Theorem 13.71 Section H] is devoted to show similar results for the unique 
bounded solution of the Cauchy problem for nonlinear diffusion equations. 
In Section [5], we mention that this kind of results also hold for the heat flow 
in the sphere §^ and the hyperbolic space with N >2. 

2 Symmetry results. 

In this section, with the aid of Theorem 11.11 by applying the method of 
moving planes to problem (11. 101) . fll.2l) -( fL3l) directly, we prove Theorems 11.21 
and ll.3[ 

Proof of Theorem First of all, we consider the case where Q is un- 
bounded. In this case Q is an exterior domain, that is, we have 

(see (11.91) for the definitions of Sj and G^). Set 

m 

G=\Jg^. (2.1) 

j=i 

Then G is a bounded open set in having m connected components 
G^,---G"^. Theorem 11.11 and the assumption (II. 4p yield (11.51) . Further- 
more, with the aid of our C^-smoothness assumption on dD and dQ, we see 
that both dfl and dD consist of m connected closed hypersurfaces and each 
component of dQ is parallel, at distance R, to only one component of dD. 

We apply the method of moving planes to the open set G. The proof 
runs similarly to those of Serrin's [Se] — or Reichel's |Rc] and Sirakov's [Si] 
for exterior domains — but with the major difference that, here, since the 
relevant overdetermination takes place inside Q, Serrin's corner lemma — an 
extension of Hopf boundary lemma to domains with corners — is not needed. 

Let ^ be a unit vector in M^, A G M, and let nx be the hyperplane x-i = X. 
For large A, tta will be disjoint from G; as A decreases, 7V\ will intersect G 
and cut off from G an open cap Gx (on the same side of A +oo). 

Denote by G'^ the reflection of Gx in the plane ttx- At the beginning, G'^ 
will be and remain in G until one of the following occurs: 

(i) G')^ becomes internally tangent to dG at some point P not on tta; 
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(ii) Tix reaches a position in which it is orthogonal to dG at some point Q. 

Let A,, denote the (minimal) value of A at which the plane tta reaches one 
of these positions and suppose that G is not symmetric with respect to tta, . 
Let VLi be the connected component of fl {x G : x ■ I < A*} whose 
boundary contains the points P or Q in the respective cases (i) or (ii). Since, 
as already observed, dVL and dD consist of connected closed pairwise parallel 
hypersurfaces, we can find points P* and Q* in dD such that \P — P*\ or 
\Q~Q* \ equal i?, respectively, and we have that P* G Vt^ and Q* G dVL^^^nx^. 

Let = X + 2[X — {x ■ £y\^ denote the reflection of a point x G in the 
plane tta. For (x,t) eVL^x (0, oo), consider the function w = w{x,t) defined 
by 

w{x, t) = u{x^%t). 
Then it follows from fll.4p that 

f)ii 

w(P*,t) =u(P*,t) or —(Q*,t) = foralH>0, (2.2) 

oi 

where in the second equality we have used the fact that the vector £ is 
tangential also to dD at Q* G dD. 
Observe that w and u satisfy 

Wt = A(p{w) and Ut = A(/)(u) in Qg x (0, +oo), 

w = u on (c)i7^ n ttaJ X (0, +oo), 

w <1 = u on {dVln \ ttaJ x (0, +oo), 

w = u = Q on fi^ X {0}. 

Hence, by the strong comparison principle, 

w<um. fi^x(0,+oo). (2.3) 

Indeed, (12.31) can be obtained by applying the strong comparison principle 
to the bounded solutions W = (pi^w) and U = (j){u) of Wt = AW and 
Ut = AU, respectively; here, ip is the inverse function of (j). 

If case (i) applies, fl2.3p contradicts the first equality in (12.21) . since P* G 
Qe- If case (ii) applies, by using Hopf's boundary point lemma, we can infer 
that 

— (g*,t) <0 foralH>0, 
which contradicts the second equality in (12. 2p . 
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In conclusion, G is symmetric for any direction I G M^, and in view of 
the definition (12. ip of G, m = 1 and G must be a ball. Namely, VL is the 
exterior of a ball and dVt must be a sphere. 

When VL is bounded, it suffices to apply the method of moving planes 
directly to Vt. □ 

Proof of Theorem \1.3[ With the aid of the smoothness assumption 
of both dD and dQ, Theorem 1 1 . 1 1 and the assumption (11.151) . together with 
the fact that D is unbounded, yield that dQ and dD consist of m pairs 
of connected closed hypersurfaces being parallel to each other respectively. 
(When D is bounded, dD may consist of two connected components being 
parallel to one component of dQ. ) Hence, the proof runs similarly to that 
of Theorem II. 2^ with the only difference that the components in each pair 
constituting dQ U dD may be at different distance from one another. □ 

We conclude this section with a more general version of Theorem \K\ 

Theorem 2.1. Let Q be a domain (not necessarily bounded) in M^, N > 2, 
satisfying the exterior sphere condition and suppose that dQ is bounded. Let 
D be a domain with D G Q, and let T be a connected component of dD 
satisfying 

dist(r, dn) = dist{dD, dn). (2.4) 

Suppose that D satisfies the interior cone condition on T. Assume that the 
solution u of problem (ll.ll) - (ll.3p satisfies (11.151) . 

Then dVL must be either a sphere or the union of two concentric spheres. 



Proof. Because of the assumption (12. 4p . the proofs of Lemma 2.2 of 



and Lemma 3.1 in |MS3j also work in this situation. Then, there exists a 
connected component S of dVL such that both F and S are analytic and these 

N-l 

are parallel with distance R = dist (F, dQ) ; also, H "~ s l-^)] constant 

for X E S. Since S is bounded, by applying Aleksandrov's sphere theorem 
jXI] to this equation, we see that 5* and F are concentric spheres. 

Let E be the annulus with dE = 5" U F. With the help of the analyticity 
of u, by proceeding as in the proof of Theorem 3.1 in [MS5], we see that for 
any i ^ j 



du{x,t) ^ 1^ ^du{x,t) 



-{xj - aj) — — ^ h (xi - tti) — — ^ — = in Qx{0,+oo), 

dxj dxi 
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where the point a = (ai, . . . , a^) G is the center of the sphere S. Hence 
u must be radially symmetric with respect to a. □ 

3 Short-time behavior of solutions of nonhn- 
ear diffusion equations 

In this section, with the help of the theory of viscosity solutions, we prove 
our keystone result. Theorem 11.11 We begin with some preliminaries. 

Lemma 3.1. Let w = <f){u), where u is the solution of f ll.lOp . fll.2l) - fll.3p . 

For j = 1,2, let Wj solve the problem: 

{wj)t = 6jAwj in Qx(0,+oo), (3.1) 
wj = (j){l) on dQx{0,+oo), (3.2) 

Wj = on Qx {0}. (3.3) 

Then 

wi < w < W2 in Q X (0, +oo). 

Proof. Since Wt = 4>'{u)Aw, by (11.121) we have: 

6iAw<Wt<62Aw in fix(0,+oo). (3.4) 

Hence, by the comparison principle we get our claim. □ 
Now, let \I' = ^E'(s) be the inverse function of $. Then 

and 

^is) = <P'i^is))^'is), (3.5) 

by differentiating in s. 

As in Freidlin and Wentzell |FWj . for < e < 1, define the function 

= u'^{x, t) by 

u"^ {x , t) = u{x , et) for {x,t) e Q x {0, +oo). 
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Then satisfies 



u1 = eA(f){u'^) in Q x (0,+oo), 
= 1 on c)i7 X (0, +00), 

= on Qx {0}. 

Moreover, the function v'^ = v^{x,t) defined by 

v%x,t) = -e^{u''{x,t)) for {x,t) e ^ x {0, +00). 

is such that = \I/ {—e'^v'^) and, by (13.51) . we have that 

vf = e(j)' Av^ -iVv^l"^ in fix(0,+oo), (3.6) 
v' = on afix(0,+oo), (3.7) 

= +00 on Qx {0}, (3.8) 

where (j)' = (j)' (\1/ (— e"^?;^)). 

Lemma 3.2. /t /ioWs that for {x,t) G x (0, +00) 

(5 1 ^1 

— • — d(xY < liminf f'^(x, t) < hmsupt'^(x,t) < — ■ — d(xY, 

62 4t e^0+ £^0+ Oi At 

where these limits as e ^ 0"^ are uniform in every compact set contained in 
Tt X (0,+oo). 

Proof. We observe that the foiiowing hoid: 

5is < (t){s) < 828 for s > 0, (3.9) 

-(5ilogs < -$(5) < -^slogs for < s < 1, (3.10) 
e^/^i < m[s) < e'l^^ for - 00 < s < 0. (3.11) 

Let w| = w|(x, t) (i = 1, 2) be the functions defined by 

w|(x, t) = w.j{x, et), 

where the Wj's are defined in Lemma [XTl With the aid of (13.91) and (13.101) . 
it follows from Lemma 13.11 that 

-e6i log (^^^ <v'< -662 log (^^^ in X (0, +00). 
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By the resuh of Varadhan |Vaj . we see that, as £ ^ 0+, the functions 
—eSj logiy^ converge to the function ^d{xY uniformly on every compact set 
contained in x (0,+oo), since each scaled function -^Wj{x^5j'^t) solves 
problem f ll.ip -( |T73l) . Our claim then follows at once. □ 

The next lemma easily follows from Lemma 13. 2[ 

Lemma 3.3. For any compact set K inQx (0, +oo), there exist three positive 
constants eQ,Ci, and C2 (0 < Ci < C2) depending on K such that 

^ < Ci<v^ < C2 in K, 

for < e < Eq. 

The key point in the proof of Theorem 11.11 is to obtain the following 
gradient estimate which we shall prove at the end of this section. 

Lemma 3.4. For any compact set K in Qx (0, +00), there exist two positive 
constants 61 {ei < sq) and C3 depending on K, such that 

iV-y^l < C3 in K, 

for < e < El. 

Then, by combining Lemmas 13.31 and 13.41 with Gilding's result [Gl] . we 
obtain the following uniform Holder estimate. 

Lemma 3.5. For any compact set K in Qx (0, +cxd), there exist two positive 
constants 62 (£2 < ^1) and C4 depending on K, such that 

\v'^{x, t) — v^{x, s)\ < C4\t — s|2 for any pair {x, t), {x, s) G K 

and for < e < 62- 

Theorem 3.6. The following limit 

lim v^(xA) = — dix)"^ 
e^o+ ^ ' At ^ ' 

holds uniformly on every compact set in Q x (0, +00). 

Proof. Lemmas 13. 3^ 13. 4^ and 13.51 together with Ascoli-Arzela's theorem 
and the Cantor diagonal process yield a positive vanishing sequence of num- 
bers En and a continuous function v = v{x,t) in f2 x (0, +00) such that, as 
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n oo, the f^"'s converge to v uniformly on every compact set contained in 
Q X (0, +00). Hence, by Lemma | 



J- ■ ll^ix)^ < v{x, t)<Y - ^d{xf for {x, t) enx (0, +00). (3.12) 

Define a function V = V{x, t) on X (0, +00) by 

r v{x,t) if xen, 

^^"^'^^"1 ifx^n. 

Since both d"^ and its gradient vanish on dQ, fl3.12p yields that V is continuous 
on M^x (0, +CX3), different iable at any point on dQ x (0, +0x3), and that both 
V and W vanish on 9fix (0, +00). Also, (13.121) yields that hrn v{x, t) = +00 
if X G ri. 

Therefore, by using the fact that v'^ solves problem (I3.6p - (I3.8I) . with the 
help of Crandall, Ishii, and Lions |CIL] , we see that \^ is a viscosity solution 
of the following Cauchy problem: 

Vt = -\VV\^ in M^x(0,+oo), 

V = on (M^\r])x{0}, (3.13) 

V = +00 on fix {0}. 

Moreover, since a uniqueness result of Stromberg [Stj tells us that the Hopf- 
Lax formula provides the unique viscosity solution of the Cauchy problem 
(I3.13p . we must have that, for any {x,t) G x (0, +00), 

r , , Ix-eP AT 1 (dist(x,M^\fi))' 

V^(x,t)=inf^(e) + ^-^ : ^G™^ ^ - ^ ^' ^ 



4t ^ } At 

where = </?(^) is the lower semicontinuous initial data defined by 



+00 if C G fi, 
if C^fi. 



By the uniqueness of V , the whole sequence {v'^} converges as 5 — > 0+, 
and we get our claim. □ 

Proof of Theorem The desired result follows by simply setting t = 1 
and then e = t m Theorem 13.61 □ 

By a simple argument, we can extend Theorem II. II to the important case 
of non-homogeneous boundary values. 



13 



Theorem 3.7. Let f = f{x) be a continuous function on dQ such that 

<bi< f{x) < 62 for all x G dQ, (3.14) 
for some positive constants hi and 62. Let u he the solution of problem f ll.lOp . 

(mi, (O). 

Then, 

lim -U^iuix,t)) = dixY 

uniformly on every compact set in f2. 

Proof. Consider the unique bounded solutions = u^{x,t) {j = 1,2) of 
the following initial-boundary value problems: 

u{ = A(t){u^) in Qx (0, +00), 
= bj on d^l X (0, +00), 

= on Qx {0}. 

Then it follows from (13.141) and the comparison principle that 

<u<u^ in fix (0, +00). (3.15) 

With the help of Theorem 11.11 we see that, as t 0"^, the function 
—4:t^{u^{x,t)) converges to the function d{x)^ uniformly on every compact 
set in Q for each j = 1,2. Indeed, for each j = 1, 2, we set 

U = —, 0(s) = -j-^ibjs) for s e M, and <^{s) = / — p d^ for s > 0. 
bj bj Ji i 

Then it follows that 

^\s) = (p'ibjs) for seR, I'(s) = ^{bjs) - ^(bj) for s > 0, (3.16) 

and 

Ut = A4){U) infix(0,+oo), (3.17) 

U = 1 on dnx (0,+oo), (3.18) 

U = on nx {0}. (3.19) 

Thus, applying Theorem 11.11 to U yields that, as t 0+, the function 
— 4t$([/(x, t)) converges to the function d{x)'^ uniformly on every compact 
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set in Q. Hence, with the aid of the second equahty of fl3.16p . this means 
that, as t 0^, the function — 4t$(M-'(x, t)) converges to the function d{xY 
uniformly on every compact set in Q. 

On the other hand, since $ is increasing in s > 0, we have from fl3.15p 
that 

-At^{u^) > -4t^{u) > -At^iu'^) in nx (0,+oo), 

which imphes that, as t — > 0"'', the function —At^{u{x,t)) converges to the 
function uniformly on every compact set in Q. □ 

Proof of Lemma We use Bernstein's technique (see [El], |Ko] . |ES] . 
and [LSVj ). Let r, r and T be positive numbers such that t < 2t < T and 
K C Br{0) X [2t,T]. Take C e C°°(S2,(0) x {t,T]) satisfying 

< C < 1 and Ct>0 in S2,.(0) x (r, T], 

C = 1 on Br{0) X [2t,T], and supp C C ^2^(0) x (r,T]. 

In the sequel of this proof, we will use the constants Sq, C\ and of Lemma 
13.31 relative to the compact set 52r(0) x [r, T]. 
Consider the function z = z{x, t) defined by 

z = C^lVv'l'^ - Xv', (3.20) 

where A > is a constant to be determined later, and < e < ^o- Suppose 
that (xo,to) is a point in -B2r(0) x (r, T] satisfying 

C(a;o)^o)>0 and ma x z = z{xQ,to). 

B2r(0)x[r,T] 

At (xo,to) we then have 

zt > 0, z^. = 0, and Az < 0, (3.21) 

and hence 

0<zt- ecp' (^(-e-^v^)) Az. 

The following inequality holds at (xo,to) ^oi some positive constants Ai 
and A2 independent on (xq, to) and e : 

X\Vv'\^ < Ai\Vv'\'^ + A2C\Vv'f-2C^\Vv'\^(p"<i/'Av'-e(j)'C^\^^v'\^. (3.22) 

It is a consequence of (13.211) and some lengthy calculations that, for the 
reader's convenience, will be carried out in the Appendix A. 
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Now, we want to bound the third and fourth addendum on the right-hand 
side of fl3.22l) . The bound for the latter addendum, 

VV|2 < _£5iC'|vVp, 

easily follows from fll.l2p . In order to bound the former one, we use the fact 
that G C^(]R) and Lemma [3.31 the algebraic inequality 2ab < + b"^, and 
the key inequality 



"^(-e-^v^) 1 _^ 1 



=1 



< ^' i-e-^v') = ^ < — e < — e , (3.23) 

Cp' Oi Oi 

which follows from (13. 5p . (11.121) and (13. lip . With these three ingredients, we 
show that 

-2C'|Vt;^|'0"^'At;^ < ^e"* ('(^sl V^;"|' + | VVp), 

at {xo,to), for some positive constant independent of (xo,to) and e. 
Set 

+ 1 

M = ^nax ClVv'l A = — — — , 

i?2r(0)x[r,T] 2(C2 + 1) 

and choose in (0, Eq] so small to obtain that 

A3__£L 1 l__£l_ 

— e "'^2 < — and — e =''2 < eo\ 

- 4(c2 + 1) (5i 

for all e G (0, Then, with these choices of constants, from (I3.22p and the 
aforementioned bounds on the second-order derivatives of ^ we have that 

-I- 1 

\^v'\^ <Ar\Vv'f + A2M\^v'\^ (3.24) 



4(C2 + 1; 

at (xojto); for any e G (0,£*]. 

Thus, if Vv^xq^Iq) ^ 0, from ^M) we get 



4 C2 + 1) 



which yields the desired gradient estimate at once. If Vf "^(xq, to) = 0, instead, 
we use the definition (I3.20p of z to infer that 

,.2 , . . , M^ + l M2 1 

M < max z + X max w < A max v < — r Co < \ — , 

- - 2(c2 + 1) 2 2' 
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since z{xo,to) = — At;^(xo,to) < 0. Therefore, M < 1 and this completes the 
proof. □ 

Remark. Lions, Souganidis, and Vazquez |LSVj consider the pressure equa- 
tion for the porous medium equation: 

{vm)t = {m- l)vm^Vm + jVt;™]^ for m > 1, 

and consider the asymptotic behavior as m 1+. They get the interior 
gradient estimate for Vm independent on m by a technique similar to ours. 
We follow the outline of their proof but we use inequality (13.231) in order to 
overcome the difficulty caused by 0' = 0' (\E' {—e~^v^)) in equation (13.61) . 

4 On the Cauchy problem 

Let f2 be a domain given in (11.91) and consider the unique bounded solution 
u = u{x,t) of the following Cauchy problem: 

ut = A0(m) in X (0, +oo), and u = XRN\n on x {0}, (4.1) 

where XK^\n denotes the characteristic function of the set R^ \ Q and (j) 
satisfies the assumptions (ll.lll) -( fT.12l) . The purpose of this section is to 
prove the following result. 

Theorem 4.1. Theorems \l.l\ 11.21 and \l.'S\ also hold for the unique bounded 
solution u of the Cauchy problem (14. ip . 

Let us start with two lemmas. 

Lemma 4.2. There exist a small 5 > and a C'^ -function f = f{^) on R 
satisfying 

+ + 25)/' = and f'<0 m R, 
and 1 > /(-oo) > /(O) > > /(+oo) > -oo. 

Proof. It suffices to show that there exists a C^-function h = h{^) on R 
satisfying 

(0'(/i)/i')' + -Ch' = and h' < in R, (4.2) 

and 1 > /i(-oo) > h{0) > > /i(+oo) > -oo. (4.3) 



17 



Indeed, setting f{^) = + 26) for sufficiently small 6 > gives the desired 
solution /. 

The assumptions f ll.lip -( fTTT2l) guarantee existence and uniqueness, on 
the whole M, of the solution {h, H) of the Cauchy problem for the system of 
ordinary differential equations 

h' = H' = -\^^y and {h{0),H{0)) = {ho, Ho), (4.4) 

(obtained by letting H = (j)'{h)h' in (14.21) ): here /iq > and Hq < are given 
numbers. Also, by uniqueness we infer that if < on M and hence h' < 
on R. 

Thus, with the help of (11.121) . by integrating the second equation in (14.41) . 
we have that 



and 



for G M; hence 
for ^ > 0, and 

for ^ < 0. By letting — > +oo and ^ — — oo, respectively, we get 
ho + ^ a/ti^ < h{+oo) < ho + ^a/tt^, 

ho r^A/yr^i < h{—oo) < ho r^\/7r52. 

Therefore, (14. 3 p is obtained by setting 



h = TT^- and ii( 



in the last two formulas. □ 
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Lemma 4.3. There exists a constant Cq > satisfying 

Co < u < 1 on dVl X (0, 1]. 

Proof. First of all, by the strong maximum principle 

< < 1 in X (0,+oo). (4.5) 

Consider the signed distance function d* = d*{x) of x E to the bound- 
ary dfl defined by 

J dist(x,<9(]) if xen, 

1 -dist(x,ai]) a x^n. ^ ' 

Since dQ is and compact, there exists a number p > such that d*{x) is 
C^-smooth on a compact neighborhood A/" of the boundary dQ given by 

X = {x eR^ : -p< d*{x) < p}. 

We set now 

w{x, t) = f (t-U*{x)^ for {x, t)eR^ X (0, +oo). (4.7) 

Then, it follows from a straightforward computation and the properties of / 
that 

wt - A(P{w) = -jf (t-'^d*^ |-5 + 0'(/)Arf*} in AT X (0, +oo). 

Notice that if y/i < ^^^Jj^ \Ad*\ ' then Wt — A0(to) < 0. Hence, since dj\f is 
compact, in view of Lemma 04.71] . and fl4.ip . we observe that there exists 
a small r > satisfying 

Wt - A(p{w) <0 = ut- A(f){u) in A/" X (0, r] , 
w <u on dj\f X (0, r], 

w <u on A/" X {0}. 

Therefore it follows from the comparison principle that w < u m. M x 
(0,r]. In particular, we have 

u > /(O) (> 0) on on X (0,r]. 
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Combining this with (14.51) completes the proof. □ 

Proof of Theorem \4-l\ Consider the unique bounded solutions tt^ = 
u^{x,t) of the following initial-boundary value problems: 

uf = A(f){u^) in fix(0,+oo), 

w"*" = 1 and u~ = cq on dQ x (0, +oo), 

= on nx {0}. 

Then it follows from Lemma 14.31 and the comparison principle that 

<u<u+ in nx (0,1]. (4.8) 

By applying Theorem 13.71 to u^, we have that, as t ^ 0~^, both functions 
—4t^{u^{x,t)) converge to the function d{xY uniformly on every compact 
set in Q. 

On the other hand, since $ is increasing in s > 0, we have from (14. 8 p that 

-At^{u-) > -At^{u) > -At^{u+) in ^] x (0,1], 

which implies that, as t —>■ 0+, the function ~At^{u{x,t)) converges to the 
function d{x)'^ uniformly on every compact set in Q. This means that Theo- 
rem 11.11 also holds for the Cauchy problem (14. ip . 

Finally, proceeding as in Section [2], with the aid of the strong comparison 
principle for the Cauchy problem, we can easily show that Theorems 11.21 and 
11.31 also hold for the Cauchy problem (14. ip . □ 



5 Sphere S and hyperbolic space IH 

The purpose of this section is to show that similar results hold also for the 
heat flow in the sphere and the hyperbolic space with N > 2. In 
order to handle §^ and together, let us put M = §^ or M = H^. 

Let f2 be a domain in M with bounded C^-smooth boundary dfl, and de- 
note by L the Laplace-Beltrami operator on M. Let u = u{x, t) be the unique 
bounded solution either of the following initial-boundary value problem for 
the heat flow: 

Ut = Lu in l]x(0,+oo), (5.1) 
u=l on dnx (0,+cx)), (5.2) 
u = on nx {0}, (5.3) 
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or of the following Cauchy problem for the heat flow: 

Ut = Lu in M X (0, +00), and u = XM\n on M x {0}, (5.4) 

where XM\n denotes the characteristic function of the set M \ fi. 

Denote by d{x) = inf {d{x,y) : y G dfl} the geodesic distance between 
X and dfl, where d{x, y) is the geodesic distance between two points x and 
y in M. Then, with the aid of a result of Norris |Nol Theorem 1.1, p. 
82] concerning the short-time asymptotics of the heat kernel of Riemannian 
manifolds, we later prove 

Theorem 5.1. Let u he the solution either of problem f l5.ip -( l573l) or of prob- 
lem fl5.4p in or H^. Then the function —4:t\ogu{x,t) converges to the 
function d{xY as t ^ uniformly on every compact set in Vt. 

Theorem 15.11 yields the following symmetry results. 

Theorem 5.2. Let u be the solution either of problem f l5.ip -( l573l) or of prob- 
lem (15. 4p in §^ or H^. In the case of , assume that Q is contained in a 
hemisphere in 

Then Theorems 11.21 and 11.31 hold for and Theorem 11.21 holds for E>^ 
in the sense that dQ must be a geodesic sphere in M.^ or S^, respectively. 

Proof. By Theorem 15. H each stationary isothermic surface of class 
in Q is then parallel to a connected component of dfl in the sense of the 
geodesic distance. The claims of our theorem can thus be proved by replacing 
the method of moving planes, used in Section [2] for R^, by a straightforward 
adaptation of the method of moving closed and totally geodesic hypersurfaces 
for or developed by Kumaresan and Prajapat in |KPj . □ 

Proof of Theorem \5.1\ Consider the signed distance function d* = d*{x) 
of X G M given by the same definition as (14. 6p . Since dfl is and compact, 
there exists a number po > such that d*{x) is C^-smooth on a compact 
neighborhood J\f of dfl given by 

TV = {x G M : -po < d*{x) < po}. 

Set 

^^- = {x EM: -po< d*{x) < 0} (C M) . 
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Let u = u {x,t) be the unique bounded solution of the following Cauchy 
problem: 

= Lu~ in M X (0, +00), and u~ = XN- on M x {0}, (5.5) 

where xm- denotes the characteristic function of the set A/"". Moreover, for 
each < p < P05 we set 

Np = {xem:-p< d*{x) < p} (c Af) . 

For each < p < po, let u''^ = u^^^x^t) be the unique bounded solution of 
the following Cauchy problem: 



u 



1+ = LuP^ in M X (0, +00), and u^^ = 2xm, on M x {0}, (5.6) 



where XN'p denotes the characteristic function of the set Np. 

Let p G (0, min{l, po}) be arbitrarily small. Then, there exists a number 
tp > satisfying 

> 1 in dVtyi (0,tp]. (5.7) 

Thus it follows from (15. 7p and the comparison principle that for any (x, t) G 

VL X (0,tp] 



p{t, x,y) dy = u {x,t) < u{x,t) < u'^ {x,t) = 2 / p{t,x,y) dy, (5.8) 

Af- JAfp 

where p = p{t, x, y) denotes the heat kernel or the fundamental solution of 
the heat equation on the whole M. 

On the other hand, it follows from a result of Norris [Not Theorem 1.1, 
p. 82] that the function —it log p{t, x,y) converges to the function d{x,yY 
as t 0'^ uniformly on every compact set in M x M. If /C is any compact 
set contained in Q, there exists a number 1 G (0, tp] satisfying 

\—4:t\ogp{t,x,y) — d{x,y)'^\<p'^ for any (t, x, y) G (0, tp^] x /C x A/". 

Then we have that for any (t, x, y) G (0, tp^i] x IC x Af 

exp (^yj-iylll^-j < < exp (-^^(^iJ^) . (5.9) 

Set m = maXa;gx; d{x). In view of (15. 8p and (15. 9p . let us estimate u from 
above. Since d{x, y) > max{0, d{x) — p} for any (x, y) E IC x Afp, we observe 
that 

d{x, yY — p^ > d{xY — 2mp for any (x, y) E JC x Afp. 
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Combining this inequality and fl5.9p with fl5.8l) yields that for any {x,t) G 
/C X (0,tp,i] 

uix,t) < 2exp -^^P ^ i^^i ^ (5.10) 

where \Afp\ denotes the volume of J\fp. 

Next, we proceed to estimating u from below. For each x G /C, there 
exists a point z G dQ with d{x) = d{x, z). Then there exists a geodesic ball 
B with radius |p satisfying 

B cAf' and finn= {2}. 

Since (i(a:, y) < d{x, z) + d{z, y) < d{x) + p for any y E B, we have 

d{x, yY + < + 2(m + l)p for any y E B. 

Combining this inequality and fl5.9p with flS.SI) yields that for any {x,t) G 
/C X (0,t,,i] 

d{xy + 2(m+ 



> exp (^-^^ |S| , (5.11) 

where \B\ denotes the volume of B and \B\ is independent of x G /C. 

Therefore, it follows from f lS.lOp and (15. lip that there exists a number 
tp,2 e (0,tp,i] satisfying for any {x,t) G /C x (0,tp,2] 

c/(x)2 - (2m + l)p < ~4tlogu{x,t) < d{xf + (2m + 3)p. (5.12) 

This completes the proof. □ 



A Proof of inequality (B22D 



Let us write v = v'^ for simphcity. By (I3.2ip we have at (xo,to) 

zt = 2CCt\Vv\^ + 2Cv,^v^,t - Xvt > 0, (A.l) 
z., = 2CajVt;|2 + 2Cv,^v^^,^ - Xv,^ = 0, (A.2) 
Az = 2|VC|'| Vt;p + 2CAC|Vt;p + 8CCx,v,,v^^^, + 2Ch,^^^v^^,^ 

+2CV,(H.. -AAt;<0, (A.3) 
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where the summation convention is understood. Hence, it follows from flA.ip 
and (IA.3P that 



< zt-e(\)'^z 

= -X{vt - e(j)'Av) + 2C^v,^{vt - e(j)'Av),, + 2C^v,^e(j)"<iJ'{~e-^)v,,Av 

{2|VCnVt;p + 2CAC|Vz;p + 8CC..v,,v^^,, + 2CV,.,t^.,xJ ■ 

Then with the aid of fl3.6p . we get 

< A|Vz;p + 2CK(-|Vt;p),,-2C'|Vz;|V'^'At; + 2CG|Vt;p 

{2|VCr|Vt;|2 + 2CAC\\/v\^ + 8CC^^v,,v,,,^ + 2C\.^,,v,,.^} . 

Here, we use = z^^Vx^ with the aid of ( ]A.2p to obtain 

= -2\\Vv\^ + ACC.^Vx^\Vv\\ 

Then it follows that 

- {2|VCr|V^;|2 + 2CAC|V^;|2 + SCC^v^.v^.x, + 2C\x,A.,] ■ 
Here, by using inequality ah < + 21? , we get 

-85</)'CC..^..^..x. < £0'{C'|V\p + 16|VCr|Vt;|^} 
< £0'C'|V't;p + 16£<52|VCnV«p. 

Consequently, combining these inequalities with Lemma 13.31 yields inequality 
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